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Trouble with using convex program

ℓp-norm correlation clustering algs solve a convex program

Solution specific to one 
fixed ℓp-norm


Solving metric 
constrained programs on 

large networks is slow!

Not very amenable to 
online, streaming, etc.


All-norms objective  
✦Seek: single clustering that well-approximates all ℓp-

norms simultaneously
✦Introduced by [Azar, Epstein, Richter, Woeginger ’04] for 

load balancing
✦  set cover, flow time in scheduling, and more ℓp
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ℓp-norm correlation clustering algs solve a convex program

Solution specific to one 
fixed ℓp-norm


Solving metric 
constrained LPs on 

large networks is slow!

Not very amenable to 
online, streaming, etc.


All-norms objective  

✦ Seek: single clustering that 

well-approximates all ℓp-norms 

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial 

algorithm?



8



8

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others



8

2

3

1

5

4Friends

Friends

Friends

Friends

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others



8

2

3

1

5

4Friends

Friends

Friends

Friends

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others

OPT for ℓ∞ 1

32 n/2+1… n/2 …n——
—

—

—

—
—

+ + ++ +



8

2

3

1

5

4Friends

Friends

Friends

Friends

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others

OPT for ℓ∞ 1

32 n/2+1… n/2 …n——
—

—

—

—
—

+ + ++ +

Cost for ℓ1 norm is θ(n2), 
nowhere near optimal!



8

2

3

1

5

4Friends

Friends

Friends

Friends

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others

——
—

—

1

432 … n

OPT for ℓ1

—

—

+ + ++

OPT for ℓ∞ 1

32 n/2+1… n/2 …n——
—

—

—

—
—

+ + ++ +

Cost for ℓ1 norm is θ(n2), 
nowhere near optimal!



8

2

3

1

5

4Friends

Friends

Friends

Friends

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others

Cost for ℓ1 norm is θ(n)

——
—

—

1

432 … n

OPT for ℓ1

—

—

+ + ++

OPT for ℓ∞ 1

32 n/2+1… n/2 …n——
—

—

—

—
—

+ + ++ +

Cost for ℓ1 norm is θ(n2), 
nowhere near optimal!



8

2

3

1

5

4Friends

Friends

Friends

Friends

Observe: naively optimizing one ℓp-norm can be very sub-optimal for others

Does there exist a “pretty good”  (say, -apx) 
solution for all ℓp-norms?

O(1)

Cost for ℓ1 norm is θ(n)

——
—

—

1

432 … n

OPT for ℓ1

—

—

+ + ++

OPT for ℓ∞ 1

32 n/2+1… n/2 …n——
—

—

—

—
—

+ + ++ +

Cost for ℓ1 norm is θ(n2), 
nowhere near optimal!





Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?



Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!



(1) -apx for min-max CC ( )O(1) p = ∞

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

(2) -apx for all , i.e., all-norms solutionO(1) p ∈ [1,∞]

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

(2) -apx for all , i.e., all-norms solutionO(1) p ∈ [1,∞]
↪ completely combinatorial (first for )p > 1

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

(2) -apx for all , i.e., all-norms solutionO(1) p ∈ [1,∞]
↪ completely combinatorial (first for )p > 1
↪  time, near-linear for small max ( ) degreeO(nω) +

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

(2) -apx for all , i.e., all-norms solutionO(1) p ∈ [1,∞]
↪ completely combinatorial (first for )p > 1
↪  time, near-linear for small max ( ) degreeO(nω) +

Not possible for k-center & 
k-median [Alamdari & 

Shmoys WAOA17]

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



(1) -apx for min-max CC ( )O(1) p = ∞
↪ completely combinatorial (first for )p = ∞
↪  time, near-linear for small max ( ) degreeO(nω) +

(2) -apx for all , i.e., all-norms solutionO(1) p ∈ [1,∞]
↪ completely combinatorial (first for )p > 1
↪  time, near-linear for small max ( ) degreeO(nω) +

“Fast Combinatorial 
Algorithms for  

Min Max Correlation 
Clustering” 

(ICML 23)

Not possible for k-center & 
k-median [Alamdari & 

Shmoys WAOA17]

Today:
• Does there exist an all-norms solution for CC?
• Can it be found through a fast, combinatorial algorithm?

Yes!

 “tweak”



Previous techniques 

10



Previous techniques 

10

Convex program relaxation


Can be solved “efficiently”



Previous techniques 

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V



Previous techniques 

xuv = 0 then u, v same cluster  
xuv = 1 then u, v different clusters

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V



triangle inequality only constraints

↪ feasible solutions = (semi-)metrics

Previous techniques 

xuv = 0 then u, v same cluster  
xuv = 1 then u, v different clusters

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V



triangle inequality only constraints

↪ feasible solutions = (semi-)metrics

Previous techniques 

xuv = 0 then u, v same cluster  
xuv = 1 then u, v different clusters

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

“probability”  separatedu, v



triangle inequality only constraints

↪ feasible solutions = (semi-)metrics

Previous techniques 

xuv = 0 then u, v same cluster  
xuv = 1 then u, v different clusters

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

“probability”  separatedu, v



triangle inequality only constraints

↪ feasible solutions = (semi-)metrics

Previous techniques 

xuv = 0 then u, v same cluster  
xuv = 1 then u, v different clusters

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

“probability”  separatedu, v



triangle inequality only constraints

↪ feasible solutions = (semi-)metrics

Previous techniques 

xuv = 0 then u, v same cluster  
xuv = 1 then u, v different clusters

10

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Past approaches

Step 1: Solve convex program

Step 2: “Round” fractional 
solution to integral one

“probability”  separatedu, v



Previous techniques 

11

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V



Previous techniques 

11

Convex program relaxation


Can be solved “efficiently”

min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering



12

Today

✦The correlation metric (constructing a “guess” for the optimal solution to convex relaxation)


✦Tweaking correlation metric for all -norms


✦Open questions


ℓp



12

Today

✦The correlation metric (constructing a “guess” for the optimal solution to convex relaxation)


✦Tweaking correlation metric for all -norms


✦Open questions


ℓp

based solely on combinatorial properties 



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 




Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Quantify probabilities  combinatorially
xuv



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Quantify probabilities  combinatorially
xuv



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Quantify probabilities  combinatorially
xuv

Input correlation metric , an apx for d x*

d



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d

Quantify probabilities  combinatorially
xuv

Input correlation metric , an apx for d x*

d



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d

Quantify probabilities  combinatorially
xuv

Input correlation metric , an apx for d x*

d



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d
(1) satisfies triangle inequality 

Quantify probabilities  combinatorially
xuv

Input correlation metric , an apx for d x*

d



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d
(1) satisfies triangle inequality 

Quantify probabilities  combinatorially
xuv

Lower bound on 
(integral)  OPT

Input correlation metric , an apx for d x*

d



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d
(1) satisfies triangle inequality 

(2)   ∑
u∈V

∑
v∈N+

u

duv + ∑
v∈N−

u

(1 − duv)

p

≤ O(1) ⋅ OPTp

Quantify probabilities  combinatorially
xuv

Lower bound on 
(integral)  OPT

Input correlation metric , an apx for d x*

d



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d
(1) satisfies triangle inequality 

(2)   ∑
u∈V

∑
v∈N+

u

duv + ∑
v∈N−

u

(1 − duv)

p

≤ O(1) ⋅ OPTp

Quantify probabilities  combinatorially
xuv

Lower bound on 
(integral)  OPT

Input correlation metric , an apx for d x*

d

frac. cost of  = -norm of (fractional) disagreementsd ℓp



Our technique

13

Convex program relaxation


min∥y∥p

y(u) = ∑
v∈N+

u

xuv + ∑
v∈N−

u

(1 − xuv) ∀u ∈ V

xuv ≤ xvw + xuw ∀u, v, w ∈ V
0 ≤ xuv ≤ 1 ∀u, v ∈ V

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou
LP solution 

x*
Clustering

Don’t solve this! 


Desiderata for correlation metric  for ℓp:d
(1) satisfies triangle inequality 

(2)   ∑
u∈V

∑
v∈N+

u

duv + ∑
v∈N−

u

(1 − duv)

p

≤ O(1) ⋅ OPTp

Quantify probabilities  combinatorially
xuv

Lower bound on 
(integral)  OPT

😀

Input correlation metric , an apx for d x*

d

frac. cost of  = -norm of (fractional) disagreementsd ℓp



14

Correlation metric



14

u

-+

Nu-Nu+

Correlation metric



14

‣Nu+ = (+) neighbors of u,
‣ Nu— = (—) neighbors of u

‣  duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

n − |N−
u ∩ N−

v |

u

-+

Nu-Nu+

Correlation metric



15

-

-

-+

-

v

u

+ +

+

Correlation metric

‣Nu+ = (+) neighbors of u 
‣Nu— = (—) neighbors of u

‣  duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

n − |N−
u ∩ N−

v |



Intuition: if u and v have large mixed nbhds

 relative to |Nu+ ∪ Nv+|, want them in different clusters

15

-

-

-+

-

v

u

+ +

+

Correlation metric

‣Nu+ = (+) neighbors of u 
‣Nu— = (—) neighbors of u

‣  duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

n − |N−
u ∩ N−

v |



Intuition: if u and v have large mixed nbhds

 relative to |Nu+ ∪ Nv+|, want them in different clusters

15

-

-

-+

-

v

u

+ +

+

Correlation metric

‣Nu+ = (+) neighbors of u 
‣Nu— = (—) neighbors of u

‣  duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

n − |N−
u ∩ N−

v |Correlation metric = duv = 1 −
|N+

u ∩ N+
v |

|N+
u ∪ N+

v |
=

|N+
u ∩ N−

v | + |N−
u ∩ N+

v |
|N+

u ∪ N+
v |



16

-

-

-+

-

v

u

+ +

+

Correlation metric

Correlation metric = duv = 1 −
|N+

u ∩ N+
v |

|N+
u ∪ N+

v |
=

|N+
u ∩ N−

v | + |N−
u ∩ N+

v |
|N+

u ∪ N+
v |



16

-

-

-+

-

v

u

+ +

+

Correlation metric

Correlation metric = duv = 1 −
|N+

u ∩ N+
v |

|N+
u ∪ N+

v |
=

|N+
u ∩ N−

v | + |N−
u ∩ N+

v |
|N+

u ∪ N+
v |



16

-

-

-+

-

v

u

+ +

+

Correlation metric

Correlation metric = duv = 1 −
|N+

u ∩ N+
v |

|N+
u ∪ N+

v |
=

|N+
u ∩ N−

v | + |N−
u ∩ N+

v |
|N+

u ∪ N+
v |

Correlation 
metric d

Clustering

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou



16

-

-

-+

-

v

u

+ +

+

Correlation metric

Correlation metric = duv = 1 −
|N+

u ∩ N+
v |

|N+
u ∪ N+

v |
=

|N+
u ∩ N−

v | + |N−
u ∩ N+

v |
|N+

u ∪ N+
v |

Correlation 
metric d

Clustering

Rounding algorithm 
by Kalhan, 

Makarychev, Zhou

Works as is for ℓ∞ norm 
objective 




17

Today

✦The correlation metric (constructing a “guess” for the optimal solution to convex relaxation)


✦Tweaking correlation metric for all -norms


✦Open questions


ℓp



17

Today

✦The correlation metric (constructing a “guess” for the optimal solution to convex relaxation)


✦Tweaking correlation metric for all -norms


✦Open questions


ℓp



18

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric



18

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

Key Idea 1: for regular graphs, correlation metric also O(1)—apxs all  -norms!ℓp

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

Key Idea 1: for regular graphs, correlation metric also O(1)—apxs all  -norms!ℓp

✦ Proof via dual fitting when  p = 1

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

Key Idea 1: for regular graphs, correlation metric also O(1)—apxs all  -norms!ℓp

✦ Proof via dual fitting when  p = 1
✦ Problem is when (+) subgraph is far from regular

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

Key Idea 1: for regular graphs, correlation metric also O(1)—apxs all  -norms!ℓp

✦ Proof via dual fitting when  p = 1
✦ Problem is when (+) subgraph is far from regular

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

Key Idea 1: for regular graphs, correlation metric also O(1)—apxs all  -norms!ℓp

✦ Proof via dual fitting when  p = 1
✦ Problem is when (+) subgraph is far from regular

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

1

432 …n

+ + +

———
——

—

+

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



18

Key Idea 1: for regular graphs, correlation metric also O(1)—apxs all  -norms!ℓp

✦ Proof via dual fitting when  p = 1
✦ Problem is when (+) subgraph is far from regular

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Adjusted correlation metric

duv = 2/3 for all u,v in negative clique 
frac. cost of d =  θ(n2)

1

432 …n

+ + +

———
——

—

+

Goal: find single clustering that is -apx for all  -norms simultaneouslyO(1) ℓp



Adjusted correlation metric
duv =

|N+
u ∩ N−

v | + |N−
u ∩ N+

v |
|N+

u ∪ N+
v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p

∑
u∈V

∑
v∈N+

u

duv + ∑
v∈N−

u

(1 − duv)

p

≤ O(1) ⋅ OPTp



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

If :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

Number of subtleties to showing fractional   cost 
of adjusted correlation metric is bounded against 

 for any 

ℓp

OPTp p

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

Number of subtleties to showing fractional   cost 
of adjusted correlation metric is bounded against 

 for any 

ℓp

OPTp p

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

Number of subtleties to showing fractional   cost 
of adjusted correlation metric is bounded against 

 for any 

ℓp

OPTp p

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



20

Adjusted correlation metric

≤ 0.7 (1 − duv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

Number of subtleties to showing fractional   cost 
of adjusted correlation metric is bounded against 

 for any 

ℓp

OPTp p

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



21

Adjusted correlation metric

≤ 0.7 (1 − d̄uv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p



21

Adjusted correlation metric

≤ 0.7 (1 − d̄uv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p

Q1: when , rounding may be good from 
’s perspective, but what about ’s?


p ≠ 1
u v



21

Adjusted correlation metric

≤ 0.7 (1 − d̄uv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Idea 2: for positive edges, correlation metric has bounded cost for all !p

A1: reduce to regular case when , say


in some average sense,  can charge to 


duv ≤ 1/4

u v

Q1: when , rounding may be good from 
’s perspective, but what about ’s?


p ≠ 1
u v



22

Adjusted correlation metric

≤ 0.7 (1 − d̄uv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Observation 2: for positive edges, correlation metric has bounded cost for all !p



22

Adjusted correlation metric

≤ 0.7 (1 − d̄uv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Observation 2: for positive edges, correlation metric has bounded cost for all !p

Q2: how to pay for  when you do round?

how to pay for (-) edges when you do not?


|N+
u |p



22

Adjusted correlation metric

≤ 0.7 (1 − d̄uv = Ω(1))

u

”close” neighborsN−
u ∩

-

+

N+
u

+

-
”far” neighborsN−

u ∩

pay   for |N+
u |p uIf :   round all edges out of  to 1u>> 

duv =
|N+

u ∩ N−
v | + |N−

u ∩ N+
v |

|N+
u ∪ N+

v |

Key Observation 2: for positive edges, correlation metric has bounded cost for all !p
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Today

✦The correlation metric (constructing a “guess” for the optimal solution to convex relaxation)


✦Tweaking correlation metric for all -norms


✦Summary and open questions


ℓp
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Solution specific to one 
fixed ℓp-norm


Solving metric 
constrained LPs on 

large networks is slow!

Not very amenable to 
online, streaming


ℓp-norm correlation clustering algs solve a convex program

Combinatorial techniques can 
resolve these issues
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26

Δ = max (+) degree of any vertex

ω = matrix multiplication exponent

Summary

Correlation clustering has interesting 
combinatorial structure that can be exploited

Result 1: O(1)-apx alg with run-time O(min{ n·∆2·log n , nω}). Near-linear for sparse graphs.

Result 2: ∃ an alg producing a clustering that is O(1)-apx for all ℓp-norms, simultaneously.

First combinatorial alg for 
p > 1
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Thank you!



28

Thank you!
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